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The so called f(X) hybrid metric-Palatini gravity presents a unique viable generalisation of the
f(R) theories within the metric-affine formalism. Here the cosmology of the f(X) theories is stud-
ied using the dynamical system approach. The method consists of formulating the propagation
equation in terms of suitable (expansion-normalised) variables as an autonomous system. The fixed
points of the system then represent exact cosmological solutions described by power-law or de Sitter
expansion. The formalism is applied to two classes of f(X) models, revealing both standard cos-
mological fixed points and new accelerating solutions that can be attractors in the phase space. In
addition, the fixed point with vanishing expansion rate are considered with special care in order to
characterise the stability of Einstein static spaces and bouncing solutions.
PACS numbers:
I. INTRODUCTION
The so called hybrid f(X) class of modified theories of gravity consists of the superposition of the metric Einstein-
Hilbert Lagrangian R with an f(R) term constructed à la Palatini [1]. This interpolation between the non-equivalent
metric and Palatini approaches has revealed interesting possibilities. For instance, in the formulation of the dynami-
cally equivalent scalar-tensor representation, it was shown that the theories contain a “light”, long-range scalar field,
which is able to modify the cosmological and galactic dynamics while leaving the Solar System unaffected [1, 2]. This
feature has led to investigations of the cosmology in f(X) theories [3–8], but a systematic mapping of its phase space
is still missing. It is this gap we aim to fill in the paper at hand.
From a theoretical point of view, the f(X) class of theories enjoys a similar special status amongst the more general
hybrid metric-Palatini theories as the f(R) theories within the narrower framework of purely metric gravity. To wit,
when one excludes theories which present ghost-like, superluminally propagating and otherwise pathological degrees
of freedom, there is evidence1 that the f(X) class of theories is singled out as the only viable form of an action
one can construct using the metric, its derivatives (and thus the metric Levi-Civita connection) and an independent
”Palatini connection” [10]. The underlying reason is [11] that in the special case of f(X) actions the higher derivatives
in the gravity sector, that otherwise would result in an Ostrogradskian instability, can be separated into a scalar
mode. Indeed the f(X) gravity, where X = R + T , represents a generic case within the one-parameter family of the
Algebraic Scalar-Tensor theories, at one end of which lies the pure Palatini f(R) (wherein the field is a function of the
stress energy trace T ) and at the other end the pure metric f(R) (where the field is a function of the metric curvature
R) [12]. Furthermore, the propagating degrees of freedom have proven to be healthy also on curved backgrounds
[3, 7], and concerning the Cauchy problem, it was shown that in this class of theories the initial value problem can
always be well-formulated and well-posed depending on the adopted matter sources [13]. These considerations provide
compelling motivation for further exploration of these particular theories.
An immediate application is to consider gravitational alternatives to dark energy. As highlighted above, the
hybrid theories are promising in this respect as they can naturally avoid the local gravity constraints but modify
the cosmological dynamics at large scales. This is simply because as a scalar-tensor theory, the hybrid f(X) gravity
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1 In particular, we can exclude the more general cases of f(R,R) studied in [9] and various second, fourth and sixth order derivative gravity
theories resulting from considering more general curvature invariants constructed from the metric and the two available connections [10].
2is characterised by an evolving Brans-Dicke coupling2, which allows to introduce potentially large deviations from
General relativity in the past (and future) as long as the coupling at the present epoch is strong enough to hide the
field from the local gravity experiments. In contrast, in the metric f(R) models the Brans-Dicke coupling is a finite
constant and one needs to invoke some of the various ”screening mechanisms” [14] (workings of which remain to be
studied in the hybrid theories) in order to reconcile the Solar System experiments with cosmology. Such dark energy
dynamics that drive the theory towards its general relativistic limits today have indeed been realised in several specific
models [1, 3, 7, 8]. A preliminary phase space analysis confirmed the existence of such de Sitter attractor solutions, and
also other analytic solutions were presented in Ref. [3] as well as in Ref. [4], there using a Nöther symmetry technique.
A designer approach was employed in Ref.[7] to reconstruct precisely the standard ΛCDM expansion history by a
nontrivial f(X) model, and finally, two families of models were constrained by confronting their predictions with a
combination of cosmic microwave background, supernovae Ia and baryonic accoustic oscillations background data [8].
At this point, it can be useful to have a global view of the possible cosmological solutions from the perspective of
dynamical system analysis.
Cosmological perturbations have been also analysed in these models up to the linear order [1, 3, 7], and the results
imply that the formation of large-scale in the aforementioned dark energy cosmologies is viable though exhibits subtle
features that might be detectable in future experiments. The full perturbations equations were derived and at their
Newtonian limit, describing the observable scales of the matter power spectrum, the growth of matter overdensities
was shown to be modified by a time-dependent effective fifth force that will modify the red-shift evolution of the
growth rate of perturbations [1, 3]. In addition, numerical studies of the perturbations imply that the difference of
the gravitational potentials can exhibit oscillations at higher redshifts even when the background expansion and the
full lensing potential are indistinguishable from the standard ΛCDM predictions [7]. Such features could potentially
be observed in cross-correlations of the matter and lensing power spectra, but detailed calculations of the cosmic
microwave background anisotropies and other perturbation observables remain to be carried out.
At an effective level, the f(X) modifications involve both (the trace of) the matter stress energy and (the Ricci
scalar of) the curvature, and from this point of view it appears appealing to speculate on the possible relevance
of these theories to both the problems of dark energy and dark matter, in a unified theoretical framework and
without distinguishing a priori matter and geometric sources [2]. Various aspects of dark matter phenomenology from
astronomical to galactic and extragalatic scales have been considered in the presence of f(X) corrections to gravity
with some promising results [5, 6, 15]. The generalised virial theoreom can acquire, in addition to the contribution
from the baryonic masses, effective contributions of geometrical origin to the total gravitational potential energy,
which may account for the well-known virial theorem mass discrepancy in clusters of galaxies [5]. In the context of
galactic rotation curves, the scalar-field modified relations between the various physical quantities such as tangential
velocities of test particles around galaxies, Doppler frequency shifts and stellar dispersion velocities were derived [6].
More recently, observational data of stellar motion near the Galactic centre was compared with simulations of the
hybrid gravity theory, which turned out particularly suitable to model star dynamics [15]. Yet, to promote the f(X)
theory into a convincing alternative to particle dark matter, one should also produce the cosmological successes of
the ΛCDM model without the CDM component.
In this paper we study the cosmological solutions of the theory in terms of dynamical system analysis. Cosmological
applications of the phase space techniques have a long history, dating back to at least the early studies of chaos in the
framework of cosmology by Belinsky [16] and Misner [17], and were developed in particular by Ellis and Wainwright
(see [18] and references therein). The nowadays standard framework of constructing the phase space is based on
defining expansion-normalised variables representing the various (effective) contributions to the total energy density.
Besides mathematical efficiency this approach allows an easy physical interpretation of the phase space features as
its variables assume the structure of cosmological parameters. The method has been used with great success in the
analysis of anisotropic cosmologies [18], and has been applied e.g. to models with nonstandard equation of state [19],
and more recently exploited to analyse a number of modified gravity models3 [20]. In the context of f(X) gravity,
the stability of the Einstein universe, a particular static fixed point in the phase space of the theory, was analysed
in great detail using the equivalent scalar-tensor description [22], and matter-dominated and de Sitter fixed points
have been checked also [3]. Here we will set-up the phase space directly in terms of the curvature quantities, with
the immediate advantage of a more direct interpretation of the relation between the cosmic phenomenology and the
form of the fundamental function f(R), and moreover allowing to take full advantange of the conformal relation
2 To be precise, we have ωBD = 3φ/(2φ − 2ΩA), where ΩA = 1 for our case. This normalisation is chosen to produce the observed value
of the Newton’s constant today. The pure Palatini case is ΩA → 0, and the purely metric limit is recovered at ΩA →∞.
3 To highlight the power of the method, we could mention that subjected to its scrutiny, the rather involved string-inspired set-up in
an anisotropic spacetime filled by a massive vector field and a scalar field, and featuring their both conformal and disformal couplings,
yielded to complete and detailed uncovering of its phase space [21].
3between the metric and Palatini curvatures and resulting in a more efficient and generally applicable formulation of
the dynamical system.
This paper is outlined in the following manner: In Section II, we present the basic formalism for the hybrid f(X)
gravity, namely, the action and the field equations and adapt them to cosmology. In Section III, we set up the
dynamical system, which essentially consists of defining suitable variables and deriving their propagation equations.
We then analyse the phase space structure in several families of particular models. In Section IV, we reformulate
the system in order to analyse the fixed points with H = 0, that reside in the asymptotic regime of the phase space
considered in the previous section. In Section V, we discuss our results and conclude.
As the reader may have noticed, we have set 8piG = 1. Natural units (~ = c = kB = 8piG = 1) will be used
throughout this paper, and Greek indices run from 0 to 3. We use the (−,+,+,+) signature and the Riemann tensor
is defined by
Rβαµν = ∂µΓνα
β − ∂νΓµαβ + ΓµδβΓναδ − ΓνδβΓµαδ , (1)
where the Γµν
α are the coefficients of a linear dynamical connection. The Ricci tensor is obtained by contracting the
first and the third indices via the metric gµν , i.e., Rµν = R
α
µαν .
II. BASIC EQUATIONS
The four dimensional action4 of hybrid metric-Palatini gravity is given by [1]
S =
1
2
∫
d4x
√−g [R+ f(R) + 2Lm(gµν , ψ)] , (2)
where Lm = Lm(g
µν , ψ) is the matter Lagrangian, coupling thes matter fields ψ minimally to the metric gµν , R is
the Einstein-Hilbert term, R ≡ gµνRµν is the ”Palatini curvature”, given by the contraction of the tensor Rµν that is
generated by an a priori independent connection Γˆαµν as
Rµν ≡ Γˆαµν,α − Γˆαµα,ν + ΓˆααλΓˆλµν − ΓˆαµλΓˆλαν . (3)
Varying the action (2) with respect to the metric, one obtains the following gravitational field equation
Gµν + F (R)Rµν − 1
2
f(R)gµν = Tµν , (4)
with the notation F (R) ≡ f ′(R) and the usual definition of the matter stress-energy tensor
Tµν = − 2√−g
δ(
√−g Lm)
δ(gµν)
. (5)
The field equations for the connection imply that the independent connection is compatible with the conformal metric
gˆµν = F (R)gµν and the relation
Rµν = Rµν + 3
2
1
F 2(R)F (R),µF (R),ν −
1
F (R)∇µF (R),ν −
1
2
1
F (R)gµνF (R) . (6)
connects the Palatini and the metric Ricci tensors.
Here we will focus on the cosmology of the hybrid models. We consider the homogenous and isotropic cosmologies
represented by the Friedmann-Lemaˇıtre-Robertson-Walker (FLRW) metric
ds2 = −dt2 + a(t)2
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdϕ2
)]
. (7)
4 In this setting f contains a coupling constant, but since it will be integrated in one of the variables, its presence will be irrelevant for
the following discussion.
4The Hubble rate H of the scale factor a is defined as H = a˙/a, where an overdot denotes a derivative with respect to
the time coordinate t. The Friedmann equations for this Hubble rate, derived from the above general equations, can
be now written as [3]
ρeff = 3H
2 − 3k , (8)
peff = −2H˙ − 3H2 + 3k , (9)
where ρeff and peff are effective energy density and pressure given by
ρeff = µ−
{
1
2
f(X)− 3
2
[
F ′′(X)− (F
′(X))2
F (X)
]
X˙2 − 3
2
F ′(X)
(
X¨ + X˙H
)
− 3F (X)
(
H˙ +H2
)}
, (10)
peff = p+
{
1
2
f(X)− 1
2
F ′′(X)X˙2 − 1
2
F ′(X)
(
X¨ + 5X˙H
)
− F (X)
(
H˙ + 3H2
)}
, (11)
respectively, where µ and p are the energy density and pressure of a perfect fluid, and X is defined as
X ≡ T +R = F (R)R− 2f(R) , (12)
where we have used the trace of Eq.(4) in the last equality. Note that in the pure Einstein gravity one has X = 0, and
the curly bracket terms simply vanish: this formulation of the cosmological equations has the advantage of making
explicit the deviation of this class of theories from General Relativity and placing in evidence the scalar degree of
freedom introduced by the Palatini term of the action (2).
As the next step, we take advantage of the conformal relation between the two geometries (6) that naturally appear
in the theory. Indeed, the equations (8) and (9) can be simplified with a suitable choice of variables that exploits in
each occasion the optimal quantity associated with either gˆµν or gµν . Defining the auxiliary function A =
√
F (R) a(t),
one can write
H = a˙
a
+
F˙
2F
=
A˙
A
, (13)
R = 6F
[
A††
A
+
(
A†
A
)2
+
k
A2
]
, (14)
where the symbol † indicates the derivative with respect to τ , defined by dτ = √F (R)dt. Using these quantities
defined in Eqs.(13)-(14) to rewrite the field equations (4), they assume the following form:
(
a˙
a
)2
+
k
a2
(1 + F ) + FH2 − 1
6
(FR− f)− µ
3
= 0 , (15)
a¨
a
−
(
H2 + k
a2
)
F +
f
6
+
1
6
(µ+ 3p) = 0 , (16)
µ˙+ 3
a˙
a
(1 + w)µ = 0 , (17)
where we have used the equation of state p = wµ, and for notational simplicity, we have dropped the dependence
of f and F of R. This formulation of Eqs. (8) and (9) can be used to deduce some basic features of the hybrid
metric-Palatini theories. For example, Eq. (16) shows clearly that the interaction between the Palatini and metric
part of the theory can generate an increase of the expansion rate for a flat and spatially closed universe (F must
be definite positive for the transformation gˆµν = F (R)gµν to make sense), whereas the nonminimal coupling of the
Palatini curvature can have the same effect only if the function f is negative. This means that a sufficient condition
for the model to generate cosmic acceleration is f < 0 and k = 0, 1 (at least when the geometrical contribution
dominates the matter sources). Similar considerations can be used in other frameworks such as in the context of (a
homogenous and isotropic) gravitational collapse.
In the following we will use the above equations to implement the dynamical system analysis. Differently from
previous similar attempts, we will not rely on the definition of an auxiliary scalar field to perform this task, but we
will only use Eqs. (15)-(17).
5III. GENERAL DYNAMICAL SYSTEMS FORMALISM
In this section, we will construct the dynamical system for the hybrid models, which consists of essentially two
steps: (i) the definition of suitable variables, and (ii) the derivation of the propagation equations for these variables.
Basically this is rewriting of the system of differential equations as a first order system of the chosen different variables.
The fixed points will thus correspond to particular exact solutions of our original Friedmann equations (8) and (9).
A. General formalism
Let us define the variables
X =
H
H
, Y =
R
6H2
, Z =
f
6H2
, Ω =
µ
3H2
, K =
k
a2H2
. (18)
The interpretation of these variables is straightforward, as each represents the corresponding quantity in units of the
expansion rate. We also introduce a dimensionless time variable: the logarithmic time N = ln a. Note that with this
time variable we are implicitly imposing that the orbit of the phase space will represent only monotonically expanding
or contracting cosmologies. We will focus on the possibility of solutions crossing H = 0 in the following section.
In terms of the variables (18), the cosmological equations can now be written as the following dynamical system:
X,N =
1
2
X
[
2Z −X − 2F (K +X2)+ (1 + 3w)Ω] −K + Y ,
Y,N = Y
[
2(1 + Z)− 2F (K +X2)+ (1 + 3w)Ω + 2(X − 1)Q] ,
Z,N = Z
[
2(1 + Z)− 2F (K +X2)+ (1 + 3w)Ω] + 2Y (X − 1)FQ ,
Ω,N = Ω
[
2Z − 2F (K +X2)+ (1 + 3w)(Ω− 1)] ,
K,N = K
[
2Z − 2F (K +X2)+ (1 + 3w)Ω] .
(19)
with the constraint
K[1 + F ] +X2F − Y F − Ω + Z + 1 = 0 . (20)
In the above equations, the quantities F = F (R) and Q(R) = F/(RF ′) are only functions of R, and in order to close
the system they have to be expressed in terms of the variables specified in Eq (18). Given the form of f , this can be
done by noticing that Z/Y is function of R only, i.e.,
Z
Y
=
f(R)
R . (21)
Inverting this relation for Y 6= 0, one obtains R = R(Z/Y ) and the dynamical system can be closed. Therefore, as
far as this inversion is possible, the phase space spanned by our dynamical variables (18) is fully described by the
closed system of propagation equations (19). The price to pay for this is the same that one finds in the application
of a similar method to the metric f(R) gravity [23, 24], namely that the phase space can have singular surfaces (such
as Y = 0), which may have to be treated with great care.
In the following we will use the constraint equation (20) to eliminate the variable Ω. The independent equations of
the system are
X,N =
1
2
X
{F [(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)(K + 1) + 3(w + 1)Z − 2X}−K + Y ,
Y,N = Y
{F [(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)K + 3(w + 1)(Z + 1) + 2Q(X − 1) + 2} ,
Z,N = Z
{F [(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)K + 3(w + 1)(Z + 1) + 2}+ 2FQY (X − 1) ,
K,N = K
{F [(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)(K + 1) + 3(w + 1)Z} .
(22)
Any other choice of independent dynamical variables could be made in principle, but the one above is the only one
that does not introduce divergences in the dynamical equations.
The system above can then be analyzed with the standard tools of dynamical system analysis and in particular
with the Hartmann-Grobmann theorem. Once the fixed points have been found, together with their stability, the
solutions associated to the fixed points correspond to
a = a0(t− t0)1/γ , (23)
µ = µ0(t− t0)−3(1+w)/γ , (24)
6where the constant γ is obtained by expressing the modified Raychaudhuri equation (16) in terms of the dynamical
variables (the asterisk denoting their respective value at the fixed point)
γ = K∗F∗ +X2∗F∗ −
1
2
(1 + 3w)Ω∗ − Z∗ − 1 . (25)
If γ is equal to zero the formulae above do not hold and we obtain an exponential solution, which can be fully specified
as well by substitution into the cosmological equations.
B. Specific case I: f = χRn
As an example let us look at the specific case f = χRn. We have, for Y 6= 0,
Z
Y
= χRn−1 , (26)
so that
F = nZ
Y
, Q = 1
n− 1 , (27)
It is important to point out here that in the case χ = 0 the (26) cannot be inverted. This result implies that we will
always consider χ 6= 0 in our analysis5. The system (22) reduces to
X,N =
1
2
X
{
nZ
Y
[
(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)(K + 1) + 3(w + 1)Z − 2X}−K + Y,
Y,N = Y
[
(1 + 3w)K + 3(w + 1)(Z + 1) + 2
X − 1
n− 1 + 2
]
+ Z
[
(3w − 1) (K +X2)− (3w + 1)Y ] ,
Z,N = Z
{
nZ
Y
[
(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)K + 3(w + 1)(Z + 1) + 2 + 2n
n− 1(X − 1)
}
,
K,N = K
{
nZ
Y
[
(3w − 1) (K +X2)− (3w + 1)Y ] + (1 + 3w)(K + 1) + 3(w + 1)Z} .
(28)
It is important to stress at this point that the system above is equivalent to (22) only if Y 6= 0, so fixed points with
Y = 0 are excluded. This fact remains true even if no denominator containing Y is present. The reason is that the
(21) only holds for Y 6= 0 and therefore for Y = 0 one cannot close the system. Note also that the (28) now includes
two invariant submanifolds, Z = 0 and K = 0. This result implies that only points with Z = 0, K = 0 (and Ω = 0)
can be global attractors for the phase space.
The fixed points are determined setting to zero the N -derivatives of the dynamical system variables. The finite
phase space contains three fixed points. Their associated solutions and stability can be found in Table I. We can
distinguish two classes of fixed points depending on the value of the variable Z. Points with Z = 0 (B, C) essentially
represent states in which f(R) ≈ 0 and therefore in which this model approximates General Relativity.
It is also worth noting that the points B and C, can be characterized by a negative value of X i.e. has the peculiar
characteristic to have negative "Palatini Hubble rate" while the physical universe is expanding or vice versa.
All the solutions associated to the fixed points are the typical GR Friedmann solutions already found in [3, 4]. In
addition, the coordinates of the associated fixed points reveal that GR-like solutions can only be realized Z = 0, as
expected. Point A is associated to an exponential expansion whose time parameter λ can be obtained from the trace
of the gravitational field equations (12). In the case of f = Rn this equation reduces to
(n− 2)R = T +R . (29)
Then, in the case of an exponential solution in vacuum, R is constant and
R = R
n− 2 . (30)
5 This conclusion is in general true for every type of f(R): if the coupling constant in f is zero our entire construction cannot be applied.
7Table I: The fixed points and the solutions of the hybrid model with f = χRn. Here the value of lambda is given by
the (31). In addition, A stays for attractor, FA for attractive focus, R for repeller and S for saddle.
Point (X,Y, Z,Ω,K) Scale Factor Energy Density Stability
A
{
1, 2, 2
n−2
, 0, 0
}
a = a0 exp [λ(t− t0)] µ = 0 FA
B {2− n, (n− 1)(n− 3), 0, 0,−1} a = a0 (t− t0) µ = µ0 (t− t0)
−3(w+1)
FA 1 < n < 2
0 ≤ w ≤ 1
S otherwise
{
1
2
[−3n(w + 1) + 3w + 5],
C 1
4
[3n(w + 1)− 4][3n(w + 1) − 3w − 5], a = a0 (t− t0)
2
3(1+w) µ = µ0(t− t0)
−2 S
0, 1, 0}
This immediately implies that H = H and substituting into the Friedmann equation one obtains λ = 0 and
λ =
1
2
√
3
(n− 2) n2(n−1) [(4 − n)n− 2] 12−2nχ 12−2n . (31)
For a given n this expression will give multiple solutions. This is a common occurrence in higher order gravity and it
is also present in the hybrid metric-Palatini case. However, the problem arises of how to associate these values of λ
to the solutions in the fixed points. The case λ < 0 can be excluded if we consider only expanding cosmologies, and
the case λ = 0 because it implies H = 0 that cannot be considered finite phase space. Further selection criteria can
be obtained by checking the values of the dynamical variables at the fixed points. In the case of A, one has Y > 0
which implies R > 0. This result allows to exclude all the values of λ associated to R < 0. Therefore one is left with
the (unique) real positive value of Eq. (31) which requires R > 0. Unfortunately, no general expression for this value
of λ can be given explicitly, but its calculation is straightforward for a specific n.
Looking at the stability of the fixed points, there are only two possible attractors: A and B. The last point behave
as a sink only for specific values of n. Since, however, these points do not have Z = 0, K = 0 they cannot be global
attractors. In fact, in general no fixed point can be a global attractor for the cosmology of this model. The points
with Z = 0 are generally unstable for every value of the parameter n. The exception is given by the point B for
1 < n < 2. This result implies that GR-like Friedmann cosmologies are in general unstable in this model and only a
special set of initial conditions might lead to the (non global) attractor B. Such feature can be interesting to model
the onset of a dark era in this context.
C. Specific case II: f = α R
1+βR
As a further example, let us consider the case of the function f = αR/(1 + βR), with α and β generic constants.
This model is inspired by the proposal of Hu and Sawicki [25] in the context of the metric f(R) gravity and we will
refer to it as “hybrid HS” model. As in that case the function f is such that in expanding cosmologies for very high
and very small values of the Hilbert-Einstein term R, T is also very large or very small and the Palatini curvature
R is constant. In particular with our choice of the values of the parameter, R becomes zero (α positive) or − 12β (α
negative) for R → 0 and becomes − 1β if R → ∞. Since we also require that F > 0 the constant α must be chosen
positive. Thus effectively the function f represents an effective cosmological constant term which appears in the late
universe, but does not affect the early one. Note that the sign of this effective cosmological constant depends on the
sign of β, so that if β < 0 the effective cosmological constant in Eq. (4) is positive otherwise, if β > 0, it is negative.
We will choose, in the following, the first option.
It is also worth noticing that for this type of function f , in the limit R → (0,∞), F becomes constant and H = H
so that the equations effectively reduce to GR plus a cosmological constant. This is a characteristic property of the
Hu-Sawicki model in the context of metric f(R)-gravity and it is present also in the hybrid metric Palatini case.
8For the hybrid HS model we have, for Y 6= 0,
Z
Y
=
α
1 + βR (32)
so that
F = Z
2
αY 2
, Q = αY
2(Z − αY ) , (33)
Note that in the case β = 0, f(R) becomes linear. This case is degenerate in terms of the dynamical system variables
(Y = Z) and has to be treated separately6. Using (33), the system (22) becomes
X,N =
1
2
X
{
Z2
αY 2
[
(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)(K + 1) + 3(w + 1)Z − 2X}−K + Y
Y,N =
Z2
αY
[
(3w − 1) (K +X2)− (3w + 1)Y ]+ Y [(1 + 3w)K + 3(w + 1)(Z + 1) + αY (X − 1)
Z − αY + 2
]
,
Z,N = Z
{
Z2
αY 2
[
(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)K + 3(w + 1)(Z + 1) + Z(X − 1)
Z − αY
}
,
K,N = K
{
Z2
αY 2
[
(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)(K + 1) + 3(w + 1)Z} .
(34)
The above system only admits the invariant submanifolds Z = 0, K = 0 and presents a singular subspace for Z = αY .
The analysis of the phase space will be performed in the Z > αY and Z < αY part of the space with the regular
techniques. We do not address here the behaviour of the orbits close to Z = αY .
The system (34) admits four fixed points as indicated in Table II. Of these points, two (A, B) correspond to de
Sitter solutions and the other two have Z = 0 and represent GR-like solutions.
Again, the time constant for the de Sitter solutions can be calculated using the trace equation, rewritten in Eq.
(12). However, for this case the solution for the Palatini curvature is given by
R = −α+ 24βλ
2 ∓√α(α− 48βλ2)
4β (α+ 62λ2)
, (35)
which is not unique. Therefore, differently from the previous case and the f(R) case, here the de Sitter solutions are
set apart by the value of the Palatini curvature, other than R. As in the previous example the specific value of λ
associated to a fixed point can be deduced via considerations on the type of evolution represented by the phase space
and the coordinates of the fixed points. In particular, λ = 0 and λ < 0 as well as the values of λ for which R diverges
have to be discarded. This leaves only two values of λ, given by
λ1 =
1
2
√
−1 + α+
√
α(α + 1)
3β
, λ2 =
1
2
√
α+ 1−√α(α + 1)
3β
, (36)
respectively. Assuming β < 0, we have that, for 0 < α < 1/3, λ1 is associated to R > 0 and λ2 to R < 0. Instead,
for α > 1/3, λ1 is associated to R < 0 and λ2 to R > 0. As a consequence, the nature of the fixed points depends on
the value of α other than their coordinates. Specifically, points A and B that have Y > 0 are characterised by λ1 for
0 < α < 1/3 and λ2 for α > 1/3.
The calculation for the stability for these fixed points is straightforward. The points A and B are always stable.
The phase space present no other possible attractor. Since global attractors can only be flat GR solutions (Z = 0,
K = 0), in spite of the generation of an effective cosmological constant discussed in the beginning, our analysis shows
set of initial conditions for which a de Sitter expansion is not realised. In other words, the phenomenon of approaching
to a future dominance of an effective cosmological term is not obvious as our initial reasoning seems to indicate. An
escape from this conclusion could be the presence of some asymptotic (H = 0) attractor. We will see in the following
that this is not the case.
Notice also that in this model there is no GR-Friedmann past attractor. However considering also the stability of
point D which is related to the classical Friedmann solution we can conclude that GR-like Friedmann cosmologies are
always unstable.
6 In fact upon closer inspection, it appears clear that if F = const. then A ∝ a and H = H and the dynamics is governed only by the
variable Ω. The phase space is one dimensional and presents only a single, unstable, fixed point corresponding to a t2/3(1+w) solution.
9Table II: The fixed points and the solutions of the case with f = α R1+βR . The value of the parameter λ is
determined by Eq. (36). Here A stands for an attractor, R for a repeller, S for a saddle, FA for an attractive focus
and FR for a repulsive focus. The stability of point J is given only for the case w = 0.
Point (X,Y, Z,Ω,K) Scale Factor Energy Density Stability
A
[
1, 2, 2α− 2
√
α(α+ 1), 0, 0
]
a = a0 exp [λ(t− t0)] µ = 0
FA 0 < α < 49/32
A otherwise
B
[
1, 2, 2α+ 2
√
α(α+ 1), 0, 0
]
a = a0 exp [λ(t− t0)] µ = 0 FA
C [3, 8, 0, 0,−1] a = a0 (t− t0) µ = µ0(t− t0)
−3(1+w) S
D
[
4 + 3w, 1
2
(3w + 4)(3w + 7), 0, 1, 0
]
a = a0 (t− t0)
2
3(1+w) µ = µ0(t− t0)
−2 S
IV. FIXED POINTS WITH H = 0
The dynamical system formulation above is not the only one that can be constructed for the cosmological equations
(15)-(16). Another possibility is to use the following variables
X¯ =
H
H , Y¯ =
R
6H2 , Z¯ =
f
6H2 , Ω¯ =
µ
3H2 , K¯ =
kF
A2H2 , (37)
where H =√F (R)A†/A = A˙/A, together with the time variableM defined in such a way that, for a given dynamical
system variable P , P,M = H−1P,τ . The previous set of variables differs from this case, as here one is able to see fixed
points characterized by H = 0 which are in the asymptotic regime of the previous phase space. Using the (37) we are
able to characterize the stability of Einstein static universes in the hybrid models and to gain information on bounce
(H = 0, H˙ > 0) phenomenology or other changes in the sign of H typical of higher order theories of gravity [26].
Before proceeding with the analysis, it is important to stress that the new time coordinate M¯ differs in sign from
M whenever X¯ < 0. This fact implies that in treating the stability, fixed points for which X¯ < 0 will have different
stability (e.g. attractors could correspond to repellers for given values of the parameters) with respect to the ones
obtained with the variables of the previous section. As we will see in the example we considered the stability of the
fixed points does not change, but this might be the case in other modelts. It is clear however that, since H is related
to the physical time the “correct” stability is the one obtained in the previous section.
A. Dynamical system equations
The dynamical system equations in this case read
X¯,M = (K¯ + 1)F + X¯(K¯ − Y¯ + 1)− 1
2
(1 + 3w)Ω− Z¯ , (38)
Y¯,M = 2Y¯ [K¯ + X¯ − Y¯ − (X¯ − 1)Q+ 1] , (39)
Z¯,M = 2Z¯[(K¯ + X¯ − Y¯ + 1)− (X¯ − 1)Y¯FQ , (40)
Ω¯,M = Ω[2K¯ − (3w + 1)X¯ − 2Y¯ + 2] , (41)
K¯,M = 2K¯(1 + K¯ − Y¯ ) , (42)
with the constraint
(1 + K¯ − Y¯ )F + K¯ + X¯2 − Ω¯ + Z¯ = 0 , (43)
and the evolution equation for H
H,M = −(1 + K¯ + X¯ − Y¯ )H , (44)
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which is decoupled from the other dynamical equations.
Analogously, in the following, we will eliminate the variable Ω¯ for consistency. In this way the independent equations
of the system are the following
X¯,M = X
[
K − Y + 1− 1
2
(1 + 3w)X
]
− 1
2
{K(1 + 3w) + 3(1 + w)Z − [(1 − 3w)(K + 1) + (1 + 3w)Y ]F}, (45)
Y¯,M = 2Y [K +X − Y − (X − 1)Q+ 1], (46)
Z¯,M = 2[(K +X − Y + 1)Z − (X − 1)YFQ], (47)
K¯,M = 2K¯(1 + K¯ − Y¯ ). (48)
The solutions associated to the fixed points in this case are given by equation is Eq. (44) rather than the Raychaudhuri
equation (which is used only when H(t) has been determined in the fixed point). We have
H˙ = −
[
X¯2∗ + Z¯∗ − (1 + K¯∗)F∗ +
1
2
(1 + 3w)Ω¯∗
]
H, (49)
where the asterisk means, as usual, that the variable is evaluated in the fixed point. From this result one can derive
a and µ.
In the following we will repeat the analysis of the f = χRn and the hybrid HS model using these variables.
B. The case f = χRn in the barred variables
In this case the general system reduces to
X¯,M = X
[
K − Y + 1− 1
2
(1 + 3w)X
]
− 1
2
[K(1 + 3w) + 3(1 + w)Z − nZ
Y
[(1− 3w)(K + 1) + (1 + 3w)Y ], (50)
Y¯,M = 2Y [K +X − Y − X − 1
n− 1 + 1], (51)
Z¯,M = 2Z
[
K +X − Y + 1− n
n− 1(X − 1)
]
, (52)
K¯,M = 2K¯(1 + K¯ − Y¯ ). (53)
The fixed points are given in Table III with their associated solutions and stability. Note that there is a one to one
correspondence to the solutions found in the previous section. In place of these points, there is now one additional
fixed point, D¯, which represents a static universe (since X = 0, in these points H = 07). Since the point D¯ is
characterized by Z = 0, the only type of Einstein static solution possible in this context is the one in which the theory
is effectively coincident with General Relativity (with the difference that in this solution k = 0). The presence of D¯
and its features are consistent with the results of [22]. In particular, we see that the static solutions can, differently
from the case of General Relativity, be characterized by an non closed geometry.
The point D¯ is unstable for any values of the parameter n, but it is worth looking at the details of its stability in a
more careful way. As we have mentioned in the previous section, the stability in terms of the barred variables presents
some differences with respect to the one in the non barred variables. One of the reasons behind this difference is that
when X¯ < 0, effectively H ∝ −H so that the dimensionless time M goes backwards with respect to M. Remarkably,
however, (and as expected on the physical point of view) such change does not affect the general structure of the
phase space in the sense that the stability of the fixed points, and particularly the attractors, is generally not affected
by the properties of the new time parametrisation.
The exception is for point D¯ in the interval 0 < n < 1. Since in this interval this point is a repeller the correction
for the time parameter would make ti an attractor for X¯ < 0 and a repeller for X¯ > 0. The consequence fo this result
is that orbits will cross the X¯ < 0 through the point D¯. Therefore in this specific case the presence of D¯ implies the
presence of bounces, at least in the neighbourhood of this fixed point.
7 To be completely precise, H = 0 does not necessarily require X¯ = 0. In fact, X¯ can be finite at the bounce if H = 0 or F = 0 -
such solutions have indeed been found to exist in the Palatini-type (ΩA → 0) theories [27]. However in the first case the (13) implies
F = const. which means that the Palatini term is linear. We have already seen that this case is degenerate for the dynamical system
point of view. In the second case (F = 0), since the metrics g and gˆ are not related anymore, the formulation of the theory used in our
approach looses meaning
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Table III: The fixed points, their associated solutions and stability for f = χRn analyzed with the barred variables.
Here A stays for attractor, R for repeller, S for saddle,FA for attractive focus and FR for repulsive focus.
Point (X¯, Y¯ , Z¯, Ω¯, K¯) Scale Factor Energy Density Stability
A¯
{
1, 2, 2
n−2
, 0, 0
}
a = a0 exp [λ(t− t0)] µ = 0 FA
B¯
{
1
2−n
, 1− 1
(n−2)
, 0, 0,− 1
(n−2)2
}
a = a0 (t− t0)
µ = µ0(t− t0)
−3(w+1) FA 1 < n < 2
0 ≤ w ≤ 1
S otherwise
C¯
{
2
−3n(w+1)+3w+5
, 3n(w+1)−4
3n(w+1)−3w−5
,
a = a0 (t− t0)
2
3(1+w) µ = µ0 (t− t0)
−2 S
0, 4
(−3n(w+1)+3w+5)2
,−1
}
D¯
{
0, n
n−1
, 0, 0, 0
}
a = a0 µ = 0
R 0 < n < 1
S otherwise
C. The hybrid HS model in the barred variables
Let us analyze then the case of the hybrid HS model. The system in this case reads
X¯,M = X
[
K − Y + 1− 1
2
(1 + 3w)X
]
− 1
2
{K(1 + 3w) + 3(1 + w)Z − Z
2
αY 2
[(1− 3w)(K + 1) + (1 + 3w)Y ]},
Y¯,M = 2Y
[
K +X − Y − Z(X − 1)
2Z − 2αY + 1
]
,
Z¯,M = 2Z
[
(K +X − Y + 1)− Z(X − 1)
2Z − 2αY
]
,
K¯,M = 2K¯(1 + K¯ − Y¯ ).
(54)
As in the previous section, the new system admits a set of fixed points that correspond to the ones of the formulation
in terms of the variables (18) (see Table IV) and,as before, in spite of he differences in the behaviour of the time
variable, no differences in the stability of the fixed points arises.
In this case the Einstein static solution is represented by point E¯ which is characterized by a flat geometry and it
is always a saddle. This suggests that the phenomenon observed in the previous example, i.e. the fact that bouncing
orbits will pass through the Einstein point, is not present here, and the study of bouncing phenomenology requires
numerical tools.
Finally, there is no global attractor which characterized by de Sitter solution. This confirms that the analysis of
the behaviour of the action made in the beginning of section III C cannot be valid in general.
V. CONCLUSIONS
In this paper we have applied a dynamical system analysis to investigate the cosmological features of hybrid metric-
Palatini theories of gravitation. Making full use of the relation between the metrics gˆµν and gµν , it is possible to write
the cosmological equation in a particularly compact way. Using these equations it is relatively straightforward to set
up a dynamical systems approach for a wide range of hybrid metric-Palatini models. In the present paper, we have
focused our work on two types of functions f : the first is a generic power of the Palatini curvature R; the second has
a form that is inspired by the Hu-Sawicki model for metric f(R) gravity.
In the first case, the phase space presents fixed points that are associated to solutions already found, for example in
[3], with a different approach. The dynamical system analysis, however, clarifies their stability and gives information
of the global behaviour of the cosmology. For example, it appears clear that the cosmology always presents an
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Table IV: The fixed points and the solutions of the case with f = α R1+βR in the barred varibales. The value of the
parameter λ is determined by (36) and the coordinate of the fixed points. Here A stays for attractor, R for repeller,
S for saddle, FA for attractive focus and FR for repulsive focus.
Point (X¯, Y¯ , Z¯, Ω¯, K¯) Scale Factor Energy Density Stability
A¯
[
1, 2, 2α− 2
√
α(α+ 1), 0, 0
]
a = a0 exp [λ(t− t0)] µ = 0
FA 0 < α < 49/32
A otherwise
B¯
[
1, 2, 2α+ 2
√
α(α+ 1), 0, 0
]
a = a0 exp [λ(t− t0)] µ = 0 FA
C¯
[
1
3
, 8
9
, 0, 0,− 1
9
]
a = a0 (t− t0) µ = µ0(t− t0)
−3(1+w) S
D¯
[
1
3w+4
, 3w+7
6w+8
, 0, 1
(3w+4)2
, 0
]
a = a0 (t− t0) µ = µ0(t− t0)
−3(1+w) S
E¯
[
0, 1
2
, 0, 0, 0
]
a = a0 µ = 0 S
attractor (A) associated to an exponential solution. In terms of stability, it is worth remembering that A is not a
global attractor for the phase space, because of the structure of the dynamical system.
In the second case, the new formulation of the cosmological equations allows the deduction of some interesting
properties of the model and in particular provide bounds for the values of the parameters. In terms of the phase
space, we have now two attractors related to de Sitter solutions. However those fixed points are not global attractors
for the cosmology. In this respect, the dynamical system analysis reveals the limitations that conclusions drawn of
the behaviour of the action for small and large values of the Ricci scalar.
Both the examples we considered present fixed points that correspond to the GR limits of these models i.e. are
characterised by Z = 0 (f = 0). Such points are never stable, so in principle there is no value of the parameters and
set of initial conditions which might lead to cosmic histories in which the cosmology becomes indistinguishable form
GR. This is in fact a desired behaviour as we aim at obtaining cosmologies which are close to GR at early times and
at late time depart from Einstein cosmology.
The analysis in the alternative ”barred variables” allows the study of the stability of the Einstein static universe in
the context of these theories. It turns out that both the models we have analysed contain Einstein static fixed points,
which are unstable. Their stability however is complicated by the choice of the time variable M: in the case X¯ < 0
this parameter has an opposite sign with respect to N and the stability analysis must be corrected accordingly. In the
case of f = χRn this leads to an interesting phenomenon in terms of bounce phenomenology: for a specific interval of
n orbits close to the Einstein static fixed point cross the X¯ = 0 line only at this fixed points. This result is important
in terms for the detailed study of bounce dynamics and will be the focus of future studies.
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